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Abstract

Classical sample complexity bounds for causal
structure learning are minimax in nature, charac-
terizing worst-case difficulty without distinguish-
ing between easy and hard instances. We study
instance-specific complexity for Markov equiva-
lence class (MEC) recovery in linear Gaussian
structural equation models. We introduce the
Fisher dimension, defined as the inverse squared
minimum partial correlation that must be detected
to recover the MEC. We prove that the Fisher
dimension governs sample complexity: it pro-
vides both a lower bound and an upper bound
(tight up to logarithmic factors) for MEC recov-
ery. A key theoretical finding is that under spec-
trally well-conditioned models, with bounded
noise variances, bounded covariance eigenvalues,
and constant-order edge coefficients, the Fisher di-
mension is uniformly bounded regardless of graph
structure. Thus, significant instance-specific vari-
ation arises from parametric rather than structural
features. Empirical validation shows strong corre-
lation between our predictor and observed sample
complexity for structured graph families.

1. Introduction

Causal discovery from observational data is a fundamental
problem in machine learning and statistics (Spirtes et al.,
2001). Given n independent samples from a distribution P
that is Markov with respect to an unknown DAG G* over d
variables, the goal is to recover the Markov equivalence class
(MEC) [G*], the set of DAGs encoding the same conditional
independencies as G*. This problem has been extensively
studied (Vowels et al., 2022; Assaad et al., 2022), with
classical results establishing consistency of constraint-based
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algorithms (PC) and score-based methods (GES) as n — oo
under faithfulness assumptions.

The sample complexity of causal discovery has received
considerable attention. For linear Gaussian DAGs with max-
imum in-degree ¢, recent work (Gao et al., 2022) shows that
n =< qlog(d/q) samples are minimax optimal. However,
these bounds characterize worst-case complexity and do not
explain why some graphs are substantially easier to learn
than others. Dense graphs with many v-structures provide
more orienting information than sparse chains, yet no ex-
isting theory precisely characterizes this instance-specific
difficulty. We address this gap by introducing the Fisher
dimension F([G]) = 1/p2,,, where ppiy, is the smallest
nonzero partial correlation that must be detected for MEC
recovery. We prove that 7 ([G]) is both necessary and suffi-
cient (up to log d) for successful causal discovery.

1.1. Our contributions

First, we define the Fisher dimension F([G]) = 1/p2;,
over a sufficient test set that guarantees MEC recovery.
This definition is algorithm-independent and has a natural
information-geometric interpretation: the Fisher dimension
captures the minimum curvature (maximum flatness) among
directions that distinguish [G] from other MECs in the space
of covariance matrices.

Second, we prove upper and lower bounds on sample com-
plexity: n = Q(F([G])) and n = O(F([G]) - logd). The
upper bound is achieved by PC via Fisher’s z-transform anal-
ysis; the lower bound uses Le Cam’s method on MECs dif-
fering by a single partial correlation. These bounds match up
to log d, identifying 7 ([G]) as the right instance-dependent
complexity parameter.

Third, we establish that under spectrally well-conditioned
SEMs—with bounded noise variances, bounded covariance
eigenvalues, and ©(1) edge coefficients—the Fisher dimen-
sion satisfies 7 ([G]) = O(1) independently of graph struc-
ture. Chains, trees, and dense DAGs all have the same
asymptotic rate under these conditions.

Fourth, we prove F([G]) = ©O(1) for complete DAGs
(Proposition 4.4), providing a concrete example. We char-
acterize regimes where 7 ([G]) can grow with d, and prove
a curvature characterization F([G]) < Awmin(Cjg) ™" for
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chains under weak-edge scaling (Theorem 3.11), with ex-
plicit constants.

Fifth, we provide Algorithm 1 for computing F([G]) with
complexity O(|E| - d*), and establish finite-sample guar-
antees: concentration bounds (Lemma 5.2) and O(n~1/2)
convergence (Proposition 5.3) for estimated Fisher dimen-
sion.

Sixth, we empirically validate our theory on synthetic DAGs.
Across tree, chain, and Erd6s—Rényi families, F([G]) log d
correlates strongly with empirical sample complexity, and
F([G]) outperforms simpler structural proxies for structured
families.

1.2. Related Works

Causal discovery has been studied extensively since Spirtes
et al. (2001), who introduced the Markov and faithfulness
assumptions and the PC algorithm. Verma & Pearl (1990)
characterized MECs via v-structures, and Chickering (2002)
showed score-based methods face the same equivalence
limitations. Richardson & Spirtes (2002) extended these
ideas to latent variable models; see Peters et al. (2017) for a
comprehensive overview.

High-dimensional consistency under beta-min conditions
was established by Kalisch & Biihlmann (2007) for PC and
van de Geer & Biihlmann (2013) for penalized likelihood.
These results provide sufficient conditions but do not char-
acterize how difficulty varies across MECs.

Uhler et al. (2013) studied the geometry of faithfulness,
showing distributions can be arbitrarily close to violating
it. Shah & Peters (2020) established hardness results for
CI testing in high dimensions. Our work builds on these in-
sights by identifying the specific partial correlations critical
for distinguishing MECs.

A related line investigates identifiability beyond Markov
equivalence: Peters & Biihlmann (2014) showed equal er-
ror variances enable full identifiability, extended by Wu &
Drton (2023) to partial homoscedasticity. Wang & Drton
(2020; 2023) established consistency for non-Gaussian mod-
els with latent confounding, and Agrawal et al. (2023) ad-
dresses nonlinear settings. We focus on instance-dependent
complexity within the classical Gaussian MEC setting.

Gao et al. (2022) establishes minimax bounds for MEC re-
covery, showing worst-case complexity scales with global
quantities. While these characterize fundamental limits,
they do not explain instance-to-instance variation. We ad-
dress this gap: the Fisher dimension is both necessary and
sufficient (up to log d) and clarifies when graph structure
versus parametric properties drive sample complexity.

2. Preliminaries
2.1. Linear Gaussian Structural Equation Models

A linear Gaussian SEM over variables X = (X1, ...
is defined by

7Xd)

X; = Z BiiX; +ei, ei~N(0,03),

j€Pa(i)

where Pa() denotes the parents of node ¢ in DAG G, j;; are
the edge coefficients, and ¢; are independent Gaussian noise
terms. The joint distribution is multivariate Gaussian with
covariance matrix ¥ = (I — B)"'D(I — B)~ ", where B is
the matrix of edge coefficients and D = diag(c?,...,03).

2.2. Markov Equivalence Classes

Two DAGs G4, G5 are Markov equivalent if they encode
the same set of conditional independencies. The equiva-
lence class [G] is characterized by having the same skeleton
(undirected edges) and same v-structures (immoralities),
where a v-structure is a configuration ¢ — k < 7 with ¢
and j non-adjacent. The equivalence class is represented
by a completed partially directed acyclic graph (CPDAG),
which contains directed edges for those whose orientation is
determined by v-structures and undirected edges for those
that can be oriented either way.

2.3. Partial Correlations and Conditional Independence

For variables X, X; and conditioning set S C [d] \ {¢,j},
the partial correlation is

pijs = Corr(X;, X | Xs).

For Gaussian distributions, p;;s = 0 if and only if
X; 1 X, | Xg. This equivalence is the foundation of
constraint-based causal discovery algorithms such as PC,
which recover the MEC by testing conditional independen-
cies through partial correlation tests.

2.4. The PC Algorithm

The PC algorithm recovers the Markov equivalence class
[G*] in two phases. In the skeleton phase, it tests condi-
tional independencies to determine which pairs of variables
are adjacent. Starting from a complete undirected graph,
it removes edge (4, ) if it finds a conditioning set S such
that X; 1L X; | X, which is equivalent to p;;|5 = 0 for
Gaussian distributions. In the orientation phase, it identifies
v-structures by finding configurations ¢ — k — j where ¢
and j are non-adjacent and k ¢ S,; (the separating set that
rendered ¢ and j independent), then orients as ¢ — k + j.
Additional compelled orientations are then obtained by ap-



The Fisher Dimension: Instance-Dependent Complexity for Causal Discovery

plying Meek’s orientation rules, which propagate arrow-
heads while avoiding directed cycles and the introduction
of new unshielded colliders (Meek, 1995).

2.5. Statistical Manifolds and Fisher Information

For a parametric family {Pp : € © C R*}, the statistical
manifold M is the set of distributions equipped with the
Fisher—Rao metric. The Fisher information matrix is defined
as

dlogpg(X) dlogpe(X)
0; 00

The Cramér-Rao bound states that for any unbiased estima-
tor 6 of 0, Var() > I(0)~!, establishing Fisher information
as the fundamental limit on estimation precision.

For a DAG G, the causal manifold M is the set of distri-
butions factorizing as p(x1,...,xq) = Hle (s | Tpagiy)-
For linear Gaussian SEMs, the parameter space is Qg =
{(B,0?%) : Bij # 0 = (j,i) € E(G)}, encoding the spar-
sity pattern of the DAG.

3. Fisher Dimension and Main Results
3.1. Definition of Fisher Dimension

We define the Fisher dimension through the concept of a
sufficient test set. For a DAG G*, consider the set of partial
correlation tests that suffice to recover [G*]. We focus on
the canonical sufficient test set 7 ([G*]) containing, for each
edge (j,7) € E(G*), the test (¢, 7,.5) with S = Pa(i) \ {j}
(the canonical conditioning set), and for each v-structure
i — k < 7, a test confirming non-adjacency of ¢, j.

Definition 3.1 (Fisher Dimension). For a linear Gaussian
SEM with true DAG G*, define

* P 1
D= ey
where
Pmin([G™]) := min {|p;; 5| : (i,7,5) € T([G"]),

pij|s # 0}-

The restriction to nonzero correlations excludes v-structure
tests (where we detect p = 0); these do not affect the sample
complexity scaling.

The Fisher dimension captures how difficult it is to orient
the hardest edge. Large F([G]) corresponds to small pyiy,
meaning weak signal for edge orientation, which requires
more samples. Small F([G]) corresponds to large pmin,
meaning strong signal that can be detected with fewer sam-
ples.

The partial correlation p; g directly measures the strength
of conditional dependence between X; and X; given X in
linear Gaussian models. The Fisher information for estimat-
ing p;;|s from n samples is approximately I,,(p;;s) = n
for small [p; ;| , so detecting a partial correlation of mag-
nitude p requires n > 1/p? samples. The Fisher dimen-
sion captures exactly this sample complexity scaling for the
hardest-to-detect edge.

Remark 3.2 (Information-Geometric Interpretation).
The partial-correlation-based definition has a natural
information-geometric interpretation. With p short for
pijs» standardizing the conditional covariance to the
bivariate family X(p) = (; 7) yields the Fisher-Rao
metric coefficient

14 p?
(=)

Thus distinguishing DAGs in [G] from those outside re-
quires detecting movement along uncertain edge directions.
The Fisher dimension captures the minimum curvature
(equivalently, maximum flatness) among these distinguish-
ing directions—flat directions are hard to detect, requiring
more samples.

Gop = %tr(Z(p)_lapE(P) S(p) "1 0,5(p)) =

Remark 3.3 (Algorithm-Independence). Equivalently,
Pmin([G*]) is the smallest nonzero partial correlation that
distinguishes [G*] from some other MEC. Thus Fisher di-
mension is intrinsically algorithm-independent: it character-
izes the underlying instance, not the behavior of any specific
learning method. The PC algorithm achieves the upper
bound (Theorem 3.4) by explicitly testing these correlations,
while the lower bound (Theorem 3.6) applies to any algo-
rithm. Therefore Fisher dimension should be interpreted
as an information-theoretic instance parameter, not as the
realized sample complexity of a particular algorithm.

3.2. Upper Bound on Sample Complexity

Theorem 3.4 (Upper Bound). Let G* be the true DAG over
d variables with Markov equivalence class |[G*] and Fisher
dimension F([G*]) = 1/p2 .. Assume the linear Gaussian
SEM has maximum degree A. There exists an algorithm
(the PC algorithm) that, given n i.i.d. samples, outputs [é’]
such that

P (1G] =[G"]) =1-4,

provided
n>C- F([G7]) -log(d/d),

where C' > 0 is a constant depending on A and the condi-
tion number of the covariance matrix.

Proof Sketch. The PC algorithm tests conditional indepen-
dencies via partial correlations. Fisher’s z-transform Z; ;) =
1 1+pi4s . S 1

3 log ﬁ satisfies 2,55 ~ N'(2]; 5, (n—[S]=3)7"). To
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detect partial correlations of magnitude > pp,i, With power
1-B,weneedn = O(1/p2,;,) pertest. With T' = O(d>T4)
total tests, a union bound with & = 3 = §/(27) yields the
stated complexity. See Appendix B for the full proof. [J

Remark 3.5 (On the log d Factor). The sample complexity
scales as F([G]) - log d, not F(|G]) - d°. Although there are
O(d?) potential edges, they share the same n samples, con-
tributing only logarithmically through the union bound. This
is consistent with standard results on Gaussian graphical
model learning.

3.3. Lower Bound on Sample Complexity

Theorem 3.6 (Lower Bound). Let G, G1 be two DAGs with
[Go] # [G1] such that the corresponding Gaussian distribu-
tions Py, Py differ only in a partial correlation: p;js = po
under Py and p;js = 0 under Py. Then for any algorithm
A,

N =

inf [Pry (A # [Go]) +Ppp (A # [Gh])] >
ifn < ¢/ pd for a universal constant ¢ > 0.

Proof Sketch. We use Le Cam’s two-point method. For
Gaussians differing only in a partial correlation of magni-
tude po, the KL divergence satisfies KL( P || P1) = O(p3).
For n ii.d. samples, KL(PJ'||P) = n - KL(P||P1) <
Cnp3. By Pinsker’s inequality, TV(Pg, PJ*) < \/np2/2.
Le Cam’s lemma then implies the sum of error probabilities
is at least 1 — TV(Py, P{*) > 1/2 when n < ¢/p3. See
Appendix C for the full proof. O

Corollary 3.7. For any faithful linear Gaussian SEM with
DAG G,
n = Q(F([G]))

samples are necessary for any algorithm to recover [G).

Theorems 3.4 and 3.6 together establish that n = Q(F([G]))
is necessary and n = O(F([G]) - logd) is sufficient for
learning [G]. The log d gap between upper and lower bounds
comes from the union bound over O(d?**?) tests; closing
this gap remains an open problem.

3.4. Curvature Characterization

We present a connection between the Fisher dimension and
graph structure via a curvature matrix. While the general
relationship remains conjectural, we prove it exactly for
chain graphs under weak-edge scaling.

Definition 3.8 (Curvature Matrix). For a DAG G, define
the curvature matrix Ce € RIPIXIl with entries (Cg)e.or =
>vev(c) lle. € € MB(v)], where MB(v) is the Markov
blanket of v and an edge e is “in MB(v)” if it lies in the

induced skeleton on {v} UMB(v). For the equivalence class:
Clo) = Xerele) Car-

Conjecture 3.9 (Curvature Characterization). For linear
Gaussian SEMs with parameter scalings where F([G]) can
grow with d, there exist universal constants c1,cy > 0 such
that

1 Amin(Ca) ™! < F(G]) < 2+ Amin(Clay) ™,

where Amin denotes the minimum eigenvalue.

Remark 3.10. This conjecture requires parameter regimes
where F([G]) grows with d. In the spectrally well-
conditioned regime of Proposition 4.2, 7([G]) = O(1) for
all graphs regardless of the curvature matrix, so no purely
structural quantity can characterize Fisher dimension uni-
versally.

We prove Conjecture 3.9 for chains under a specific weak-
edge scaling:

Theorem 3.11 (Curvature Characterization for Chains). Let
G be the directed chain X1 — Xo — --- — Xy with
unit noise variances o? = 1 and weak-edge coefficients

Biit1 = 1/\/d. Then forall d > 2,
4- )\min(C[G])i1 < f([G]) < 2712 . Amin(C[G])717

with explicit values F([G]) = d + 1 and Amin(Cg)) =
4dsin® (7 /(2d)).

Proof Sketch. For the chain MEC with |[G]| = d orienta-
tions, the curvature matrix satisfies C) = d(21 4 A) where
A is the path adjacency matrix on d — 1 edges. The eigen-
values of 2] + A are 2+ 2 cos(kn/d) fork=1,...,d -1,
giving Amin (Clg)) = 4dsin®(n/(2d)) € [4/d, 72 /d].

For the Fisher dimension, the canonical conditioning set for
edge (7,7 + 1) is empty, SO pin = min; |Corr(X;, X;41)|.
With 8 = 1/+/d, the minimum occurs at edge (1,2) where
Var(X;) = 1 and Var(X3) = 1+ 1/d, giving pmin =
1/v/d+1and F([G]) =d+ 1.

Combining: F([G]) - Amin(Cia)) € [4, 272 for all d > 2.
See Appendix G for the full proof. O

4. Spectrally Well-Conditioned Regime
4.1. Partial Correlation Formula

For a linear Gaussian SEM, the partial correlations in the
sufficient test set have a clean formula relating them to edge
coefficients.

Lemma 4.1 (Partial Correlation Formula). For edge (j,i) €
E(Q) with coefficient 3;;, using the canonical conditioning
set S = Pa(i)\ {j},

Var(X;|Xs)

Pidts = Pt | Yar (X, Xg)
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Figure 1. Predicted vs empirical sample complexity n* for three graph families and three edge coefficient regimes, with factor-of-2
bounds shown as dashed lines.
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Table 1. Correlation between F([G]) log(d/d) and empirical sample complexity n* for d = 10 graphs.

GRAPH FAMILY FITTED C  PEARSONT SPEARMAN p 1 GRAPHS
TREE 40.2 0.87 0.91 500
CHAIN 32.2 0.92 0.94 500
ERDOS—RENYI 42.1 0.55 0.66 500

10000 —®— erdos_renyi
—@— chain
o tree
-- «logd

8000

6000

Sample Complexity n*

4000

2000

6 8 10 12 14 16 18 20
Number of nodes d

Figure 2. Sample complexity n* as a function of graph size d for
three graph families, with o log d reference line.

Proof. The proof follows from the SEM structure. Since
X; = ﬁjin + ZkES BriXk +¢e; and g; 1L (Xj, Xs), we
have Cov(X;, X;|Xs) = Bj; - Var(X;|Xgs). The partial
correlation formula then gives the stated result. O

4.2. Uniform Bound on Fisher Dimension

Proposition 4.2. For a linear Gaussian SEM with minimum
edge coefficient |B;;| > € for all edges, noise variances
bounded below by 0? > o2. > 0 for all i, and covariance
eigenvalues bounded above by A\.x(X) < Cx < o0, the
Fisher dimension satisfies

Cx,
F([G]) S 520121(1i11 .
In particular, for spectrally well-conditioned SEMs where
o2, Cs = 0O(1) and ¢ = O(1), we have F([G]) = O(1)
independent of graph structure.
Definition 4.3 (Spectrally Well-Conditioned SEM). A lin-
ear Gaussian SEM is spectrally well-conditioned if (i) noise
variances are bounded away from zero: 0?2 > o2, = ©(1),
(ii) covariance eigenvalues are bounded above: Apax(2) <
Cs = O(1), and (iii) edge coefficients satisfy |3;;| > ¢ =
O(1).

Proof. The proof bounds the variance ratio in Lemma 4.1.

Since X; = 3 jcpaj) Brj Xk + €5 with €; independent
of Xg, we have Var(X;|Xg) > Var(e;) = 07 > opy,.
Conditioning can only reduce variance, so Var(X;|Xg) <
Var(X;) < Apax(X) < Cs. Therefore |p;j5] > ¢ -
Omin/VCs, gIVING pin > €+ omin//Cs and the stated
bound on F([G]). O

This result has an important implication: for well-
conditioned SEMs with O(1) parameters, the Fisher di-
mension does not distinguish between graph structures.
Chains, trees, and complete DAGs all have F([G]) = O(1).
Instance-specific variation in difficulty must therefore arise
from parameter regimes where the well-conditioned assump-
tions are violated.

4.3. Regimes Where Fisher Dimension Grows

By Proposition 4.2, the Fisher dimension can grow with
d only if edge coefficients decay (|3;;| = O(1)), noise
variances shrink (o2, — 0), or covariance eigenvalues
2row (Apax(2) — 00).

Consider a chain X7 — Xy — -+ = Xy with 8, ;41 =
1/+/d and unit noise variances. For edge (i,i + 1), the
canonical conditioning set is S = ). One can verify that
Var(X}) € [1,2) for all k, so |p; 11| = (1/V/d) - ©(1) =
O(1/V/d). Therefore pmin = O(1/vd) and F([G]) =
e(d).

In contrast, for a chain with unit coefficients (5; ;41 = 1)
and unit noise, although the maximum eigenvalue of the
covariance matrix grows as Apmax (%) = O(d?), Lemma 4.1
gives |p;i+1] = /4/(i+1) = O(1). So with unit co-
efficients, pmin = ©(1) and F([G]) = ©(1) despite the
growing eigenvalues.

4.4. Special Case: Complete DAGs

Unlike the conjectured scalings for chains and random
graphs, the following result for complete DAGs is proven
directly from Definition 3.1.

Proposition 4.4 (Complete DAG Scaling). For a com-
plete DAG on d nodes with edge coefficients |3;;| = ©(1),
bounded noise variances, and bounded covariance eigen-
values
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Proof Sketch. A complete DAG has (‘21) edges and many
v-structures, so |[G]| = 1 (the MEC is a singleton). For
MEC recovery, PC must detect all adjacencies. With O(1)
edge coefficients and spectrally well-conditioned parame-
ters, Proposition 4.2 implies all relevant partial correlations
are O(1). Therefore py,in, = ©(1) and F([G]) = O(1). See
Appendix D for details. O

5. Computing the Fisher Dimension
5.1. Direct Computation from Partial Correlations

Since the Fisher dimension is defined as F([G]) = 1/p2;,
with pn,i, taken over the sufficient test set (Definition 3.1),
computation is straightforward given the DAG structure and
covariance matrix.

Algorithm 1 Compute Fisher Dimension

Require: DAG G, covariance matrix >

Ensure: Fisher dimension F([G])

! Pmin < OO

: for each edge (j,7) € E(G) do
S« Pa(i) \ {j} {Canonical conditioning set}
p « PartialCorr(4, j, S; X)
Pmin min(pmin, |P|)

end for

return 1/p2 .

AR AN SR N ey

The complexity of Algorithm 1is O(| E|-d?), as each partial
correlation requires solving a linear system of size at most
d.

Remark 5.1 (V-structures). V-structure detection requires
PC to correctly identify that certain pairs (¢, ) are non-
adjacent, i.e., that p;;|s = 0 for some S. These zero partial
correlations must be detected but do not enter the p,;;, com-
putation (which is over nonzero correlations). The difficulty
of v-structure detection is governed by the significance level,
not by pmin-

5.2. Concentration and Estimation from Data

In practice, the true DAG G* is unknown, so F([G*]) can-
not be computed directly. However, we can estimate it from
data and use it for post-hoc analysis.

Lemma 5.2 (Concentration of Sample Partial Correlations).
Let p;j|s be the sample partial correlation from n i.i.d. sam-
ples. For n > |S| + 3, with probability > 1 — 4,

log(1/9)

0ijis = Pijis| S C -\ —a—=
|pJ\S p]\S‘— n—|S\—3

for a universal constant C' > 0.

Proof Sketch. Fisher’s z-transform of the sample partial cor-
relation has approximately Gaussian distribution with vari-

ance 1/(n — |S| — 3). Applying standard Gaussian tail
bounds yields the result. See Appendix E for details. [

Proposition 5.3 (Convergence of Estimated Fisher Dimen-
sion). For a fixed equivalence class |G] with true minimum
partial correlation py;y, > 0, with probability > 1 — 0,

£.((6)) - F(G)) <o< L log(d/§)>7

Pmin n

provided n is large enough that pyiy is bounded away from
zero.

Proof Sketch. Apply Lemma 5.2 to each partial correlation
in the sufficient test set with a union bound over O(d?)
tests. The factor 1/p2 ;  arises from the delta method: for
f(p) = 1/p?, we have |f'(p)| = 2/|p|>. See Appendix F
for details. O

5.3. Practical Estimation

A post-hoc analysis approach is useful in practice:

1. Run a structure learning algorithm (e.g., PC) to obtain

an estimated CPDAG [G]

2. Compute F([G]) for the learned structure using the
sample covariance matrix

3. Use F([G]) as a retrospective diagnostic for the diffi-
culty of the learning task

This provides a retrospective measure of instance difficulty,
useful for understanding why certain datasets required more
samples, comparing relative difficulty across problems, and
assessing confidence in learned structures (high F suggests
the learning problem was hard, warranting caution). Be-
cause F([G]) depends on the learned structure, it should not
be used to guide the same discovery process that produced

G].

This is not a sequential oracle or stopping rule. Lemma 5.2
and Proposition 5.3 give fixed-n convergence guarantees for
equivalence classes with p,;, > 0; they are not anytime-
valid confidence sequences. At low sample sizes, F can
be unstable because F = 1/p2, is singular as pmin — 0.
Thus the diagnostic is most reliable after successful structure
recovery and when the relevant nonzero partial correlations
are bounded away from zero. Developing time-uniform
confidence sequences for sequential stopping is future work,
not a claim of the present analysis.

6. Empirical Validation

We provide empirical support for the Fisher dimen-
sion framework through four experiments. All exper-
iments use the PC algorithm implementation from the
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Table 2. Fraction of instances where 0.5 < n* /prea < 2.

GRAPH FAMILY LOW .  MEDIUM F  HIGH F
TREE 82% 95% 92%
CHAIN 98% 96% 90%
ERDOS—RENYI 55% 80% 78%

causal-learn package, with Fisher’s z-test for condi-
tional independence. Noise variances are fixed at 1.0. We
define the sample complexity n* as the smallest tested sam-
ple size for which the algorithm achieves exact recovery,
measured by structural Hamming distance = 0, in at least
90% of 15 independent trials. The tested sample sizes range
from 100 to 10,000 in multiplicative steps.

Experiments 6.1, 6.2, and 6.3 consider three graph types,
trees, chains, and Erd6s—Rényi graphs, with d = 10 nodes.
We vary the edge-coefficient ranges to induce variation in
Fisher dimension. Experiment 6.4 studies scaling with graph
size for d € {5,10,15,20}. In Experiment 6.1, we gen-
erate 500 graphs of each type, Erd6s—Rényi DAGs with
edge probability 0.3, chains, and random spanning trees.
In Experiments 6.2, 6.3, and 6.4, we use three coefficient
families: low-F, with coefficients in (0.6,0.9); medium-F,
with coefficients in (0.4, 0.6); and high-F, with coefficients
in (0.25,0.4). The Fisher dimension is computed directly
from the population covariance matrix using Definition 3.1.

6.1. Correlation Between Fisher Dimension and Sample
Complexity

We generate 500 random DAGs per graph type with edge
coefficients varied across five beta ranges from (0.2,0.4)
to (0.6,0.9). For each graph, we compute both F([G]) -
log(d/d) and the empirical sample complexity n* at which
PC recovers the MEC with probability at least 0.9.

The result is summarized in Table 1. Tree and chain fami-
lies show strong correlation between the theoretical predic-
tor and empirical sample complexity (Spearman p = 0.91
and 0.94, respectively), while Erd6s—Rényi graphs (Erdos
& Renyi, 1960) show a positive but weaker correlation
(Spearman p = 0.66). This pattern reflects the role of
Fisher dimension as a measure of parametric detectability:
within fixed or structured graph types, where skeleton and
v-structure variation is limited, Fisher dimension captures
the signal-strength variation that drives sample complex-
ity. In more heterogeneous families such as Erd6s—Rényi
graphs, structural variation contributes additional difficulty,
and structural proxies such as average Markov blanket size
can be more predictive (Table 3).

6.2. Tightness of Upper and Lower Bounds

To examine how tight the theoretical scaling is in practice,
we generate 100 graphs per cell in a 3 graph types x 3 beta
families design (low F, medium F, high F, corresponding
to strong, medium, and weak edge coefficients). We fit a
constant C' per cell in npeq = C-F([G])-log d and compute
the fraction of instances where the empirical n* falls within
factor 2 of the prediction.

As shown in Table 2, for trees and chains, roughly 82-98%
of instances have empirical sample complexity within factor
2 of the prediction, suggesting that the theoretical bounds
are reasonably tight on these families. Erd6s—Rényi graphs
are noisier, with the low-F cell at 55%, but medium and
high-F cells still achieve approximately 80%. Overall, 85%
of predictions across all cells fall within factor 2. This agree-
ment is further illustrated in Figure 1, which plots empirical
sample complexity against the theoretical prediction and
highlights the factor-of-2 tolerance bands.

6.3. Comparison with Alternative Complexity Proxies

We compare Fisher dimension to simpler structural proxies
as predictors of sample complexity: graph density, maxi-
mum in-degree, average Markov blanket size, number of
v-structures, MEC size estimate, a curvature-based proxy,
and number of edges. The relative effectiveness of these
proxies as predictors of empirical sample complexity is
presented in Table 3.

Fisher dimension achieves the highest correlation for struc-
tured families, suggesting it captures parametric difficulty
not explained by coarse structural statistics. Within a fixed
graph type, structural proxies are approximately constant
and do not vary between instances, whereas Fisher dimen-
sion varies with edge coefficient strength. For Erd6s—Rényi
graphs, where structural variance within the class domi-
nates, structural proxies like Markov blanket size are more
predictive.

6.4. Scaling with Graph Size

We vary d € {5,10,15,20} for each family, generating
30 graphs per ( family, d) combination and estimating n*
from 15 trials per sample size. The resulting empirical sam-
ple complexities across graph sizes are reported in Table 4.

In all three families, the empirical sample complexity in-
creases with d and correlates strongly with log d (Pearson
r > 0.92). After normalizing by F([G]) log d, the coeffi-
cients of variation are below 0.5 for all families and sub-
stantially smaller for chains (0.18). Although the range of
d is limited, these patterns are consistent with the theoret-
ical scaling n* « F([G]) logd. The Erd6s-Rényi family
reaches a ceiling at n* = 10,000 for d = 20, which may
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Table 3. Spearman correlation between complexity proxies and empirical n*.

GRAPH FAMILY  BEST PROXY BESTr FISHER DIM r
TREE FISHER DIMENSION 0.88 0.88
CHAIN FISHER DIMENSION 0.93 0.93
ERDOS-RENYI  AVG MARKOV BLANKET SIZE 0.58 0.37

Table 4. Empirical sample complexity n* across graph sizes.

FAMILY d=5 d=10 d=15 d=20 CORR.WITHlogd CV
ERDOS-RENYI 863 3,390 7,350 10,000 0.97 0.43
CHAIN 1,267 2,267 3,850 4,367 0.98 0.18
TREE 1,383 3,367 4,175 7,800 0.92 0.36

compress the observed correlation. This scaling behavior is
visualized in Figure 2, which illustrates the approximately
logarithmic growth of sample complexity with graph size
across graph families.

7. Discussion and Outlook

We introduced the Fisher dimension as an instance-
dependent complexity measure for MEC recovery in linear
Gaussian SEMs, establishing matching bounds (up to log d).
The definition captures minimum curvature among MEC-
distinguishing directions in covariance space. Empirical val-
idation confirms strong correlation between F([G]) - log d
and observed sample complexity.

A central finding is Proposition 4.2: for spectrally well-
conditioned SEMs, F([G]) = O(1) independent of graph
structure. Instance-specific variation thus arises from pa-
rameter regimes with decaying edge strengths or growing
covariance eigenvalues. We complement this with Propo-
sition 4.4 (F(|G]) = ©(1) for complete DAGs) and Theo-
rem 3.11, which proves F([G]) < Amin(Cig]) ™" for chains
under weak-edge scaling. Extending this curvature charac-
terization to general graphs remains open.

For practical use, Algorithm 1 computes the Fisher dimen-
sion efficiently, and post-hoc estimation (Section 5.3) pro-
vides convergence guarantees. Limitations include restric-
tion to linear Gaussian SEMs and the faithfulness assump-
tion. A concrete open direction is to combine Fisher dimen-
sion with a graph-dependent effective search complexity,
replacing the generic union-bound factor O(log d) by a term
such as Neg([G]) that better reflects the structural search
complexity of the MEC. Other future directions include
adaptive algorithms, extensions to interventional data (He
& Geng, 2008) and latent confounders, and non-Gaussian
settings (Wang & Drton, 2020; 2023).

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning by providing theoretical foundations for
understanding instance-specific difficulty in causal discov-
ery. The results are primarily theoretical and methodologi-
cal, with potential applications to improving the efficiency
and reliability of causal inference in scientific domains. We
do not anticipate specific negative societal consequences
that require highlighting, though as with any work that im-
proves causal inference capabilities, downstream applica-
tions should be evaluated for their own ethical implications.

References

Agrawal, R., Squires, C., Prasad, N., and Uhler, C. The De-
CAMFounder: nonlinear causal discovery in the presence
of hidden variables. Journal of the Royal Statistical Soci-
ety Series B: Statistical Methodology, 85(5):1639—-1658,
11 2023. ISSN 1369-7412.

Assaad, C. K., Devijver, E., and Gaussier, E. Survey and
evaluation of causal discovery methods for time series.
Journal of Artificial Intelligence Research, 73:767-819,
2022.

Chickering, D. Optimal Structure Identification with Greedy
Search. Journal of Machine Learning Research, 3:507—
554, 2002.

Erdos, P. and Renyi, A. On the evolution of random graphs.
Publ. Math. Inst. Hung. Acad. Sci., 5:17-61, 1960.

Gao, M., Tai, W. M., and Aragam, B. Optimal estimation
of Gaussian DAG models. In International Conference
on Artificial Intelligence and Statistics, pp. 8738-8757.
PMLR, 2022.

He, Y.-B. and Geng, Z. Active Learning of Causal Net-
works with Intervention Experiments and Optimal De-



The Fisher Dimension: Instance-Dependent Complexity for Causal Discovery

signs. Journal of Machine Learning Research, 9(84):
2523-2547, 2008. ISSN 1533-7928.

Kalisch, M. and Biihlmann, P. Estimating High-
Dimensional Directed Acyclic Graphs with the PC-
Algorithm. Journal of Machine Learning Research, 8:
613-636, 2007.

Meek, C. Causal inference and causal explanation with back-
ground knowledge. In Proceedings of the Eleventh Con-
ference on Uncertainty in Artificial Intelligence, UAT’95,
pp. 403410, San Francisco, CA, USA, 1995. Morgan
Kaufmann Publishers Inc. ISBN 1558603859.

Peters, J. and Biithlmann, P. Identifiability of Gaussian
Structural Equation Models with Equal Error Variances.
Biometrika, 101(1):219-228, 2014.

Peters, J., Janzing, D., and Scholkopf, B. Elements of
Causal Inference: Foundations and Learning Algorithms.
Adaptive Computation and Machine Learning series. MIT
Press, Cambridge, MA, USA, November 2017. ISBN
978-0-262-03731-0.

Richardson, T. S. and Spirtes, P. Ancestral Graph Markov
Models. Annals of Statistics, 30(4):962-1030, 2002.

Shah, N. and Peters, J. The Hardness of Conditional Inde-
pendence Testing and the Generalised Covariance Mea-
sure. Annals of Statistics, 48(3):1514-1538, 2020.

Spirtes, P., Glymour, C., and Scheines, R. Causation, Pre-
diction, and Search. The MIT Press, 01 2001. ISBN
9780262284158.

Uhler, C., Raskutti, G., Biihlmann, P., and Yu, B. Geome-
try of the Faithfulness Assumption in Causal Inference.
Annals of Statistics, 41(2):436-463, 2013.

van de Geer, S. and Biihlmann, P. \ell_0-Penalized Max-
imum Likelihood for Sparse Directed Acyclic Graphs.
Annals of Statistics, 41(2):536-567, 2013.

Verma, T. and Pearl, J. Equivalence and Synthesis of Causal
Models. In Proceedings of the Sixth Conference on Un-
certainty in Artificial Intelligence, pp. 220-227, 1990.

Vowels, M. J., Camgoz, N. C., and Bowden, R. D’ya Like
DAGs? A Survey on Structure Learning and Causal Dis-
covery. ACM Comput. Surv., 55(4), 2022.

Wang, Y. S. and Drton, M. High-dimensional causal discov-
ery under non-Gaussianity. Biometrika, 107(1):41-59,
March 2020. ISSN 0006-3444.

Wang, Y. S. and Drton, M. Causal discovery with unob-
served confounding and non-Gaussian data. J. Mach.
Learn. Res., 24(1), January 2023. ISSN 1532-4435.

10

Wu, J. and Drton, M. Partial Homoscedasticity in Causal
Discovery With Linear Models. IEEE Journal on Selected
Areas in Information Theory, 4:639-650, 2023. ISSN
2641-8770.



The Fisher Dimension: Instance-Dependent Complexity for Causal Discovery

A. Additional Definitions
Definition A.1 (Markov Blanket). For a DAG G = (V, E) and node v € V, the Markov blanket of v is

MBG(v):Pag(v)UChg(v)U( U Pag(u))\{v},
u€Chg (v)

where Pag(v) and Chg(v) denote the parents and children of v, respectively. Equivalently, MB¢ (v) consists of the parents
of v, the children of v, and the other parents of those children. When the graph is clear, we write MB(v) or MB(v). In
a distribution Markov with respect to G, X, is conditionally independent of all variables outside {v} U MBg(v) given

XMBg (v)-

Definition A.2 (Fisher-Rao Metric). For a smooth parametric family {py : 6 € ©}, the Fisher-Rao metric is the Riemannian
metric whose coordinate representation is the Fisher information matrix

gola,b) = a' I(0)b, 1(0)i; = Eg [0, log po(X) 9o, log po(X)]

for tangent directions a, b € Ty©. For zero-mean Gaussian distributions parameterized by the covariance matrix ¥, tangent
directions are symmetric matrices A, B, and the metric takes the form

1
gs(A,B) = §tr(2_1A2_1B) :
This is the formula used in Remark 3.2 for the one-dimensional correlation submanifold 3 (p).

B. Full Proof of Upper Bound on Sample Complexity
Proof of Theorem 3.4.
Step 1: PC Algorithm and Conditional Independence Tests

The PC algorithm recovers [G*] by testing conditional independencies. For each pair (7, j) and conditioning set S with
|S| < A, it tests (i) Hp: pijis = 0 (conditional independence) and (ii) H1: p;j|s # 0 (conditional dependence).

The total number of tests is at most:

A\ o (d—2
T = : 7)) <d®-(d-2)2 /A = 0@t
(2) }j( ) )_d (d—2)2/Al = O(d*+2)
k=0
Step 2: Partial Correlation Estimation

Given n i.i.d. samples from a multivariate Gaussian, the sample partial correlation p; ;|5 can be computed from the sample
covariance matrix. Fisher’s z-transform:

5o L yog AT PilS
AT T s
satisfies, for n > | S| + 3:
. . 1
s ~ N (Z”"S’ n—1S]- 3)

1+pi. g . .
OIS s the population z-value. For |p| < 0.5, we have |z| = |p| up to a factor of 1.1.

1
where 2 = 2 log =y

Step 3: Hypothesis Test and Error Probability
Use the two-sided z-test at level a: reject Hy if |2;51] - /1 — [S] = 3 > 24 2.

Type I error: Under Hy (p;jis = 0), P(reject Hp) = a.

11
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Type Il error: Under H; with [p;;|s| > pmin. the power is:
Power = P(reject Hy | H) > 1— @ (za/Q — 2% |/n—|S] = 3)
For |2*| > 0.9pmin (valid when pp,;, < 0.5), to achieve power > 1 — :

a/2 T
/n_‘5|_3zw

0'9pmin

Squaring and rearranging:
(2a/2 + 25)
0.81p2

min

n>|S|+3+

Step 4: Union Bound
To ensure all T tests succeed with probability > 1 — ¢, apply Bonferroni: set o = 8 = §/(27).
Then 2z, /2 = 25/(41) < \/W and similarly for zg.
Substituting:
(2a/2 + 28)* < 8log(4T/0) < 8log(4d**2/8) = O ((2 + A) logd + log(1/6))
For bounded A, this is O(log(d/9d)).
Step 5: Final Sample Complexity

Combining the above:
C1log(d/6)
2

min

n>A+3+

For n large enough, the A + 3 term is absorbed, giving:

> 0 80 o F167)) - tog(d)s)

= 2
Pmin

where C' depends on A through the number of tests. O

C. Full Proof of Lower Bound on Sample Complexity
Proof of Theorem 3.6. We use Le Cam’s two-point method.
Step 1: Setup

Let Py = N (0,3) and P; = N(0, X1) be the Gaussian distributions corresponding to Gy and G;. By assumption, they
differ only in the (¢, j) conditional relationship given Xg.

Step 2: KL Divergence Computation

For multivariate Gaussians:
1
KL(P()”Pl) = 5 tr(Zl_lEo) —d+ log M

When ¥, and ¥, differ only in the (¢, j]5) conditional correlation, we can use the chain rule for KL divergence. Since the
marginal on Xg is identical under both:

KL(Po||Pr) = Exs[KL(Po(Xi, X;[Xs)[| P2 (Xs, X;]Xs))]
For bivariate Gaussians with unit conditional variances and correlation p vs 0, the KL divergence has closed form:
1
KLV |Np) = — log(1 — )

12
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Taylor expanding at p = 0:
1 p2 p4
——log(l—p?) ="+ +0(p°
5 log(l—p%) = 5+ 7+ 0(p")
More generally, for bivariate Gaussians with arbitrary (but equal) conditional variances, the leading term remains O(p?);

only the constant changes. Therefore, for small pg:

KL(Py||Py) < Cpp

for some constant C' depending on the conditional variances. For simplicity, we absorb this into the universal constant ¢ in
the theorem statement.

For n i.i.d. samples:
KL(B} | P}) = n- KL(Bo|[P1) < np}

Step 3: Le Cam’s Lemma

Le Cam’s lemma states that for any test ¢ : X — {0,1}:

Py (= 1) + Bpp (1 = 0) > 1 — TV(E}, P})

1 npg
V(P ) <\ SKLERIPY) < "0

For the sum of error probabilities to be at least 1/2:

By Pinsker’s inequality:

Step 4: Conclude

which requires n < 2/p2. Setting ¢ = 2 completes the proof. O

Proof of Corollary 3.7. By Definition 3.1, pmin is the smallest partial correlation in the sufficient test set 7 ([G]). For each
such test (7, j, S) with p;;15 = po # 0, there exists an alternative MEC [G’] where edge (3, j) is absent (so p;;js = 0 under
G"). Theorem 3.6 gives n = Q(1/p3). Taking po = pmin:

n=0 () - o)

Pmin

D. Proof of Complete DAG Scaling

Proof of Proposition 4.4. Consider a complete DAG on d nodes with some topological ordering 7. Every pair of nodes is
connected, so there are (g) edges. Every triple ¢ < 5 < k (in the topological order) forms a v-structure ¢ — k < j since all
pairs are adjacent except we must check: actually in a complete DAG, ¢ — j and 7 — k and @ — k are all present, so there
are no v-structures in the usual sense.

More precisely, in a complete DAG, every unshielded triple ¢ — k& — j has ¢ and j adjacent (since the graph is complete), so
there are no unshielded triples and hence no v-structures. However, the MEC is still a singleton because the complete graph
has a unique CPDAG representation (all edges directed according to the unique topological ordering that makes the graph
acyclic).

13
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For MEC recovery, we need to detect all (g) adjacencies. For each edge (j,¢) with j — ¢ in the DAG, the canonical

conditioning setis S = Pa(i) \ {j}. By Lemma 4.1:

_ Var(X;[Xs)
|plj\S| - |ﬂﬂ‘ Var(Xl|X5)
Under the well-conditioned assumptions (|3;;| > ¢ = O(1), 0? > o2, = O(1), and \pax(X) < Cx = O(1)),
Proposition 4.2 gives:
€0min
pijis| = =0O(1
Since this bound holds for all edges, puin = ©(1) and therefore F([G]) = 1/p2,, = O(1). O

E. Proof of Concentration Lemma

Proof of Lemma 5.2. Fisher’s z-transform of the sample partial correlation is defined as:

5oL T Pis
us Ty gl—ﬁij\s

For n i.i.d. samples from a multivariate Gaussian with n > [S| + 3, the distribution of Z; ;|5 is approximately:

N « 1
s =N (2o 753

1+pijis

T pos 1S the population z-value.

1
where Zhls = 3 log

By standard Gaussian tail bounds, for any ¢ > 0:

t2(n7£5| 3))

P <|éij|5 — z;‘j|5| > t) < 2exp (—

Setting the right-hand side equal to ¢ and solving for ¢:

. 21og(2/0)
~Un—19-3

For small partial correlations (say |p| < 0.5), the z-transform satisfies |z — p| = O(p?), so |z| =~ |p|. More precisely,
p = tanh(z) implies:

op| _ 20, _ 2
’82’_1 tanh”(z) = 1 — p= € [0.75,1]

for |p| < 0.5. Therefore, concentration of Z implies concentration of p:

Zij1s — 7551 log(1/4)
biils — Pii < A7 W oL [T
Puts = puts| < g = < O\ =83

where C'is a universal constant (we can take C' = 2 for |p| < 0.5). O

14
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F. Proof of Fisher Dimension Convergence
Proof of Proposition 5.3. Let T ([G]) be the sufficient test set from Definition 3.1, with |7 ([G])| < |E(G)| < d? tests. By
Lemma 5.2, for each test (7, 7, S) € T([G]):

. log(d?/¢")
|pJ\S p]\S‘ n—|S—3
with probability > 1 — 4.

Applying a union bound over all tests with §' = §/d?:

log(d"/9) log(d/5)
piitg — piig| < C | ——LL =0 e\
(5.8 op P15 Pl = €\ TR n
with probability > 1 — §, where A is the maximum conditioning set size.
Let prin = min(i% S)ET((G)),pi;)5 70 | ﬁij\ 5| be the estimated minimum nonzero partial correlation. Then:

. X log(d/4)
min — Fmin S i — Piq = O
I Proin] fhax |hijis — pijis| ( -

sJs

For the Fisher dimension F([G]) = 1/p2,;,, we use the delta method. Let f(p) = 1/p>. Then:

By Taylor expansion around py;p:

1 1

2 2
Pmin Pmin

2

- 3
Pmin

ﬁn([G]) - F([G])’ = : |ﬁmin - pmin| + O(‘ﬁmin - Pmin|2)

Provided n is large enough that |pmin — Pmin| < Pmin/2 (€nsuring pmin > Pmin/2), the higher-order terms are negligible,

giving:
FallG) = F(GD)| < 0( L W)

Prin

G. Full Proof of Curvature Characterization for Chains
Proof of Theorem 3.11. Step 1: Compute i, (Cj)) for the chain MEC.

Let the skeleton edges be e, = {k,k+ 1} fork =1,...,d — 1. For any orientation G’ € [G] of the chain (all d orientations
are v-structure-free), each node v has Markov blanket equal to its neighbors in the path. Thus {v} U MB(v) contains the
edges incident to v.

For a fixed orientation G, the curvature matrix Cg- is the Gram matrix of vertex-edge incidence vectors on the path:
Cao=2I4_1+A

where A is the adjacency matrix of the path graph on d — 1 edge-nodes (i.e., A g1 = Apt1, =1fork=1,...,d —2).

All orientations give the same Cg-, and |[G]| = d, so:

C[G] = Z Cor =d2I + A)
G'€[q]
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The eigenvalues of the tridiagonal Toeplitz matrix 21 + A are:

k
Ae(2] + A) = 2 + 2cos (;) L k=1,2,...,d—1
The minimum eigenvalue is attained at k = d — 1:

Amin (2] + A) =2 + 2cos ((d_dlh) =2 —2cos (g) = 48in? (2%)

Multiplying by d:
Amin(Clg)) = 4dsin? (2%)

Using the bounds 2z < sinz < x for z € [0, 7/2] with z =

Therefore:

Equivalently:

d _
ﬁ S )\mln(C[G]) ! S

Step 2: Compute F([G]) for the chain SEM with 3 = 1/+/d.
In the chain X; — X5 — --- — X, the canonical conditioning set for each edge (4,4 + 1) is:
S=Pa(i+1)\{i}=92
So the relevant partial correlations are the adjacent correlations p; ;1o = Corr(X;, Xi4+1).
With the SEM X; = ¢ and X; 1 = 38X, + ;41 where g; ~ N (0,1):
COV(XZ',XZ'+1) = 6 . Var(XZ), Var(XZH) = 52Var(Xi) + 1
Hence:

|B|Var(X1)
/Var(X;)Var(X;;1)

Var(Xi)
1+ B2Var(X;)

=16l

|Pi,i+1\ =

The function f(V) = V/(1 + 82V) is increasing in V' > 0, and Var(X;) increases with i, so the minimum adjacent
correlation occurs at the first edge (1,2) where Var(X;) = 1 and Var(X3) = 1 + 8%

_ _ 18
pmln([G]) = |P1,2| = 1+
Setting 3 = 1/V/d:
_ Va1
punin([G]) = VIi+1/d  Vd+1
Therefore: 1
F(E) = 5 =d+1
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Step 3: Compare F([G]) to Awin(Ciey) '+
From Step 1: Amin(Cjgy) ™+ < d/4.

So: F([G]) =d+1>d >4 Auin(Cip) -
Also from Step 1: Amin(Cigy) ™" > d/7>.
For d > 2, we have d + 1 < 2d, hence:

F([G]) = d+ 1 S 2d S 2772 : )\Inin(c[G])71

Combining both bounds, for all d > 2:

4 Anin (Clap) ™! < F((G)) < 27 Ain (Cpep) ™

This establishes F([G]) < Amin(Cig7) ™" with explicit constants ¢; = 4 and ¢; = 21? ~ 19.74.
Remark on asymptotics. As d — oo, sin(7/(2d)) ~ 7/(2d), s0 Amin(Cig)) ~ 72/d and F([G]) - Amin(Cjg)) — 7° =~
9.87. O

Extension to other graphs. Similar analysis can be applied to star graphs and other families. The key requirement is a
parameter scaling (e.g., # = 1/+/d) that causes F([G]) to grow with d; under well-conditioned parameters, F([G]) = O(1)
regardless of structure, and the curvature characterization does not apply.
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